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From the calculation of the energy levels of conduction electrons in a simple model of a

metal in a magnetic field three interesting results emerge.

(a) Quantum corrections to On-

sager’s semiclassical quantization formula are found to be sufficiently small that the usual
interpretation of the de Haas—van Alphen effect should provide an accurate measure of Fermi-~
surface cross sections in potassium. (b) The undetermined constant appearing in Onsager’s
formula is found to be 3 for effects due to “lens” orbits in hexagonal metals when the magne-

tic field lies in the basal plane.

(c) The quantization of energy levels in a variety of periodic

open orbits is predicted to be observable in principle through cyclotron-resonance experiments
in a suitable geometry in the intermediate magnetic-breakdown regime.

I. INTRODUCTION

One of the most useful concepts in the theory of
metals is that of the quantization of the orbits of
conduction electrons in a magnetic field. A semi-
classical treatment due to Onsager® predicts that
in the presence of a uniform magnetic field B the
area @ (8) in wave-number space of an allowed
orbit is given by

@(8)=(n+0)(2me/nc)B, 1)

where # is an integer and ¢ is an unspecified con-
stant. These orbits are intersections of surfaces
of constant energy with planes perpendicular to B.
More recently it has been found? that if B is large
enough, the phenomenon known as magnetic break-
down can occur, resulting in tunneling of electrons
from one of the semiclassically allowed orbits to

another such orbit. Although calculations using
this tunneling concept have provided results con-
sistent with most observations of the de Haas-van
Alphen and similar effects, such work does not
provide an entirely satisfying description from a
theoretical point of view. The phenomena involved
depend upon the energy-level structure of electrons
in a constant lattice potential and a constant mag-
netic field, and hence are describable in terms of
the eigenstates of a time-independent Hamiltonian.
It accordingly is of interest to investigate the en-
ergy-level structure that corresponds in the time-
independent picture to the interpretation in terms
of tunneling between orbits in the time-dependent
description.

The difficulty of solving the Schrddinger equation
for this problem makes it convenient for us to con~
sider what we will call the “sandwich” model, ® in
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which the lattice potential takes on the simple form
2V cosgx. We assume the magnetic field to be uni-
form and constant and to be acting in the z direc-
tion. There are then two major aspects to the cal-
culation. The first question concerns the qualitative
description of the energy-level structure as a func-
tion of the strength of the lattice potential. One is
interested in the shift and regrouping of the energy
levels of the quantized orbits of the free electrons
as V is increased from zero to a value at which all
magnetic breakdown has ceased. This part of the
calculation does not readily yield to perturbation
theory, and will be described in detail in a subse-
quent paper. In the present paper we address our-
selves to the second, more delicate, question of
the accuracy of the Onsager formula in the regime
where the effect of the lattice potential is weak
enough that perturbation theory may be used. We
shall also determine the magnitude of the constant
o, and investigate the interpretation to be given of
the Onsager formula for the case of periodic open
orbits. The relevance of the sandwich model rests
on two facts. First, in certain divalent metals
having the hexagonal-close-packed crystal structure
there are groups of electrons whose orbit topology
and shape are dominated by a single Fourier com-
ponent of the lattice potential. The sandwich
model, which similarly exhibits lens-shaped and
periodic open orbits, thus provides a reasonable
model for interpreting some of the properties of a
metal such as cadmium. Second, we shall find the
quantum corrections to Onsager’s formula for
states in the first Brillouin zone of the sandwich
model to be so small that one can safely predict a
similar result for the more complicated lattice po-
tential in potassium.

It is easily shown that for this model the Onsager
area-quantization technique yields eigenvalues that
may be written to second order in the lattice poten-
tial as

1 Vz
8= (n+ 2w — 28,[1- n+3)7w/8,’ .

where w=|eB/mc! is the cyclotron frequency for
an electron in the magnetic field alone, § ,

= 7%(g/2)%/2m, and we have considered only energy
levels such that (n+ 3)7w/8,<1. The Onsager pre-
scription is not immediately applicable to all energy
levels in this model since the area enclosed by open
orbits is not a well defined quantity.

Our purpose in this paper is to obtain an accurate
closed-form expression for the energy levels in this
simplified model to second order in the lattice po-
tential. This exact expression involves an integral
which will be evaluated by an asymptotic expansion
technique to yield the energy levels in terms of
elementary functions.
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Several authors* 7 have considered various parts
of the energy-level structure for this model. Zil-
berman* evaluated the energy-level shift in terms
of the overlap integral of two harmonic-oscillator
states. The dominant terms in an asymptotic ex-
pansion of this integral were evaluated for the case
of energy levels far below and far above the break-
down region. Pippard® considered this model from
the standpoint of a network of coupled orbits; how-
ever, his method was designed specifically for
evaluation of energy levels in the second zone.
Reitz® discussed the first-order term, while Lang-
bein” discussed both the first- and second-order
terms, but only for energy levels far from the zone
edge. In this paper we shall find closed-form ex-
pressions for the energy levels of this model in
terms of elementary functions. These expressions
will show clearly how the energy levels vary as we
consider energies up to and through the zone edge.
In our discussion we shall find the Onsager result,
Eq. (2), as a first term in an asymptotic expansion
for the energy-level corrections in the first zone.
The second terms in this series will be evaluated
to provide a measure of the accuracy of the semi-
classical Onsager prescription.

II. PERTURBATION THEORY

We choose a gauge such that the vector potential
is A=(0, Bx, 0), in which case the Hamiltonian
may be written as

1= (1/2m)[p2+ (py+ mwr)?+ p2]+2Vcosgx . (3)
Inthis gauge, p, and p, commute with €, and so the

problem is to find the eigenvalues §, of the reduced
Hamiltonian

}C,,:(1/2m)[p,2,+(h’ky+mwx)2]+2Vcosgx . 4
The eigenvalues of I may be written as
8=8,+7%%%/2m . (5)

The eigenfunctions of the unperturbed Hamiltonian
3¢.? in which V is put equal to zero may be written
as

ba(%) = (mw/1)* X, [mw/1)3(x - x0)], (6)

where xg= -7, /mw and the X,(x) are dimensionless
harmonic-oscillator functions defined in terms of
Hermite polynomials H, as

2-n/2 2z
X, (p)= DT € H,(p) . (7)

The eigenvalues of 3¢\? are &,=(n+$)%w, the stan-
dard harmonic-oscillator energy levels, and are
degenerate with respect to &,.

In this representation we may write the matrix
elements of the perturbing potential as convolution
integrals of the form
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Vi =R2V il 850+ 1/&m=m71 [ ® X,(p)

X X, (p—@2»"%)dp, (8

where

=48, /Iw .
Upon integration of (8) we obtain

Vm =2V cos| gxo+ 3(m —=n)1 ] (n!/m1)/?
X e r/2 yl/z(m-n) Lﬁ.m-") (’}’) s (9)

where L{™™(y) is the associated Laguerre polyno-
mial defined® as

Lo = 2 ( o )tl)i .

meo\n=-m/) m! (10)

It would now be formally possible to evaluate the
perturbed energy levels to any order in V. The
situations of experimental interest, however, are
those where §, and §, are much greater than either
7w or the effective lattice strength V. This being
the case we shall consider only the first terms in
a perturbation-series expansion of the energy.
From the expression for the matrix elements in
terms of an overlap integral it is clear that the
first-order term in V will be exponentially small
in the first zone, and so we must retain terms to
second order in the lattice potential in order to ef-
fect a comparison with the Onsager result, Eq. (2).

Using the standard perturbation- theory formalism
we write the energy levels as

8= (n+ Dhiw+ A8, + A8, , (11)
where
A8,=2V cosgxge "2 L (v) , 12) .

,ym-n ( ) 2
T [L," ()]

A !
B8 : E (n—>e n-=m

B pmirm \m!

X [14(=1)""cos2gx,] . (13)

From Eq. (13) we see that the second-order con-
tribution to the energy may be considered to con-
sist of an energy-shift term and a bandwidth term,
the latter coming from the lifting of the &, degen-
eracy by the lattice potential. We shall denote the
energy-shift term as A§; and the bandwidth term
as A8, and write

A8y= A8+ A8, cos2gx, . (14)

It will now be convenient to evaluate the various
components of A§ as an asymptotic expansion in
powers of the small parameter 1/y and as functions
of the parameter R defined by the equation

R=(n+ 2)hw/8, .
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It will be found that the Onsager result is the zero-
order term in such an expansion for the energy
levels in the first Brillouin zone. An asymptotic
expansion for A8, may be found in any one of sev-
eral texts® and may be summarized in the following
equations. For

iy=arccoshR" Y2 R<1
we find

(=1)"2V cosgxy
@)1 -Rr)'"*

Agl =

x{exp[ - 3 v(tanh3 9 - 3RY) [} [1+00™)];

(15a)
for

3p=arccosR™V?,

R>1

we find
_(=1)"4Vcosgx,
A= B R - 1)

X{sin[ 37(3Rp —tan 3¢) +5m]+ ;Elm- 0(1)} ;

(15b)
for
t=y*3($R)3(1 ~R), R~1
we find
ag,= (1) 2Vcosgx, <_§)1/3 [Ai() + O3] .
T Ry
(15¢)

Here Ai(f) is the Airy function. '°

Since the Onsager result contains no terms of
first order in V we expect A&, to be negligibly
small in the first Brillouin zone. That this is the
case is clear from the exponential dependence of
A8, on the large parameter y in Eq. (15a). We
shall accordingly replace this term by zero in the
calculacions that follow.

In the second zone, the first-order terms are
expressed as oscillatory functions. The physical
significance of the argument in (15b) has previously
been pointed out.® This quantity is directly related
to the area @, in & space of the “lens orbit, ” which
is represented as the shaded region in Fig. 1, and
which is given by the equation

@,= (mw/n)v(3Rp —tanze) . (16)
The argument of the sine function in Eq. (15b) is
thus

ne,/2mw+35m .

The region where the unperturbed energy levels
approach the zone edge is of considerable interest.
In this region the first-order energy correction in-
creases monotonically from essentially zero for
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Shaded areas combine to form “lens orbit ”
in & space.

FIG. 1.

R<1 to a maximum for R very close to unity, and
then oscillates with continuously decreasing am-
plitude until it merges with the asymptotic form for
R>1. In this region the convergence of the pertur-
bation series is unfortunately less rapid than else-
where, as may be seen by comparing the three ex-
pressions in Egs. (15). For energy levels far from
the zone edge the magnitude of the matrix elements
is dominated by the term VY2 while near the band
edge the corresponding term is Vy~'/3,

Asymptotic expansions for A&, may be obtained
as follows. It is shown in the Appendix that A&,
and A&, may be written in the form

2 L
N Y- (Hf (7 = 0) exp[ - éy(coto+ 3R0)]
mhw J,

x csco Hy (vesco)do, (17a)
-V? " _ 1
A8, = ® | oexp[ —iy(coto+zRo)|
Thw 0
x cscoH Y (vesco) do, (17D)

where HY"(x) is the Hankel function of the first
kind. Since the expressions for A&, and A, are
so similar that the techniques used to evaluate one
will suffice to evaluate the other, we will consider
only A8, in detail. In the region of interest for v
and o, the Hankel function in the expression for
A8, may be written®

2 \'2 P (‘ )F(k+2)
HY" (2)= (ﬂz) et /4)<k0 (2iz)fT( =k +3%)

(- 1"1"(n+2
+9‘(Zzz Pr(-n+3) >’ (18)

where 0, is a constant of modulus less than unity.
Using Eq. (18) in Eq. (17a) we may write
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-4y?
A‘(’,s = (27r)372 h’w_yn_z

9
XS@”“(IO 817 - W[2+...>, (19)

where the integrals I, are defined by

I,= foﬂ (7 =0)sin™25e" ' gy (20)
with
flo)=i(tanzo -3 Ro) . (21)

We note that f(o) has a saddle point at secs o=+ R'/?
with a corresponding second derivative of + 3iR
X(R - 1)!/2,  As was the situation for the first-order
term, one must consider the three cases R<1,
R>1, and R~ 1, with each having a different asymp-
totic form.

For R<1 we observe that along the path C shown
in Fig. 2, f(0) decreases monotonically from zero
at the origin to —« at ¢=7. In this case the domi-
nant contribution to I, comes from the region near
the origin and it is not necessary to consider the
contribution from the saddle-point region. We find

L,=im1/2 <77("12T§j>m”/2

e [F(m"‘%ho(;lg)]

(1 -2m) é"?}fiz))+0(y—ﬂ>} .
(22)

X {nr‘(m +3) =

I"(m+-2-)
+7<N1R) 3

Using Eq. (22) in Eq. (19) we have

-2v? 1
a8,= fwy(1 - R)'7? [1 T 81 -R]

x@_zu_m+a-3ﬁpoC%ﬂ.(%)

In Eq. (23) we have calculated the second term in
the asymptotic series in order to obtain a correc-
tion term to the semiclassical result. For the re-
maining cases we shall retain only the dominant

asymptotic term.

Lo
FIG. 2. Contour for
% integration in Eq. (20) for
R<1. Here 0y
=2arccoshR"!/2,
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Lo FIG. 3. Contour forin-
tegration in Eq. (20) for
8 R>1. Now 0,
=g2arccos R1/2,

% Ro
A

For R>1 there is a non-negligible contribution
fromthe saddle point onthe real axis at sec? 30=R,
as well as from the region near the origin. We
choose the path shown in Fig. 3 for this integration
and observe that along this path & f (o) decreases
monotonically from the origin to point A, rises
through a maximum at the saddle point, then de-
creases monotonically from B to 7. Denoting the
contributions to I, from the region near the origin
as I} and from the saddle-point region as I?, we
find

(24)
|

(NP ameneine m-1/2 24) /e /8
Ly=m e y 1-\7
Y 0 Y T

Substituting into Eq. (19) we obtain

—272 e eit/d f“’ 1 <24>1/3e ir/6
= = 11-(%%) "¢
ad; hwy? (3)"%s Va |J, Yy y T

The remaining integral in Eq. (28) is very similar
in form to the Airy function, 10 and it may be shown
by standard asymptotic techniques that this integral
does approach the dominant terms in Eqs. (23) and
(26) for R<1 and R>1, respectively. For our pur-
poses it will suffice to note that this integral decays
monctonically to the dominant term in Eq. (23) for
R<1 and oscillates with decreasing amplitude for
R>1. We also note that the value of A, for an en-
ergy level just at the band edge, i.e., where R

=1, is

A8, = = VED(5)/ VB Hwy?3 . (29)

The bandwidth terms may be obtained with the
same contours in the complex plane as were used
for A8,. The results are

A8,=0, R<1 (20a)
_2VE _)o R$ _1and L
Agb—m {ﬂ_ cos[y( > —tan 2)] +O<Y>}’

R>1 (30b)
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1(2)_ 2\/‘ﬂ' R 1/2-m
" RAR-1D) 2R -1

x gl lr(tan(or2)-Ro /22 1 /8 1 _ ¢)[(1 +0) G_)] ’

(25)

where, as before, 3¢ =arccos(R™/2),

Substitutin_g
into Eq. (19) we have

AS - -2v?
s~ Hwy(R -1)17?

x[(’—’—?) cos[y(3R¢ —tanz ¢)]+ o(%)] .

(26)

In the region where R~ 1 the above expansions
fail. This is indicated by the divergence of Eq.
(23) and Eq. (26) as R approaches unity. For this
case we choose the path of integration shown in
Fig. 4, and express the resulting asymptotic form
as an integral,

y] exp[ y(1 —R)(%)l/3 yeZifd _y3 ] dy + O(—%;,—)} . (27

Y

3\'"® aeirs 3| 1
y] exp[y(l—R)(—;) ety —y :ldy+0<mg> . (28)

Y

4V3/3 f”
8, = 12
ASs fiwmy {(R 0 ¥
3\ s s -1/3
xexp[y(l—R)(;) eori —y]dy+0(7 ),

R~1 (30c)

An important point to note is that the bandwidth
term is of the same order of smallness as A8, for
R<1. The integral in (30c) has an exponential de-
crease for R<1 in contrast to the energy-shift
term, which drops off only as (1 —R)"!/2 for R<1.

If we retain only the first terms in each series,
we have for the second-order contributions to the
energy in the three cases

A8y=-2V¥hwy(l=R)Y?, R<1 (31a)

A8y= ~2V?/hwy(R -1)"/?
X (1 —(1+ cos2gxy) f) cos[«y(ggi —~tan %)] s

R>1 (31p)
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Lo
FIG. 4. Contour for
integration in Eq. (20) for
30° R~1.

Ro

=2V? ey e
= f; Jp——
88e= fy e BV T

« 24\1/3 o i/ ]
X 1-(1 2, —
{J; [ (1+cos gx0)< y) —

; 3\
Xy 1/Zexp[,y(1 —-R)<)—/) yeZn'i/S_ys:] dy ,

R~1 - (31c)

III. DISCUSSION

From Eqs. (15) and Eqs. (31) we can see clearly
just how the energy levels are affected by the lat-
tice perturbation as we consider the three cases
corresponding to energies of states in the first
zone, near the zone edge, and in the second zone.
In the first zone the first-order perturbation term
is negligibly small, as is the second-order band-
width term. The resulting energy levels for this
region are

8,=m+ 3w - 2V2/lwy(1 - R)Y2, (32)

We note that the parameter that effectively de-
termines the ratio of energy-level shift to the
spacing of the unperturbed levels is V/(fiw8,)/2.
This is the same parameter discussed by Blount!!
in connection with the magnetic-breakdown prob-
lem. We also notice that the correction term in
Eq. (32) that we have obtained as a first term in
the asymptotic expansion of the perturbation series
is the same as the semiclassical Onsager result,
Eq. (2). Referring back to Eq. (23) we see that the
corrections to the Onsager relation are smaller
by a factor of 1/y? than the corresponding Onsager
term. Since v is large in most practical situa-
tions, it is clear that the Onsager prescription is
entirely adequate to interpret experiments con-
cerned with energy levels in the first Brillouin
zone, It has been speculated that even in situations
where one would think the Onsager relation to be
quite valid, as is the case in the first Brillouin
zone, it may be that deviations from the Onsager
result are large enough to affect the interpretation
of very precise measurements, One case where
this possibility arises is in recent precision mea-
surements of the Fermi surface of potassium, !2
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)

where deviations from the free-electron sphere
have been interpreted as a possible indication of

a spin- or charge-density wave ground state for
the alkali metals rather than the free-electron
ground state. For purposes of calculation we have
considered the alkali metals Na and K, and as-
sumed that we may use the lowest nonzero Fourier
component of the crystal potential for V(¥). The
values used for V are those given by Ziman, 13
With these values the corrections to the Onsager
relation are calculated to be less than one part in
107 in a field of 50 kG.

This result is in qualitative agreement with the
conclusions arrived at by Roth!* from a semiclas-
sical approach. We note, however, that, unlike
Roth’s treatment of the problem, the present cal-
culation is not a power-series development in the
strength of the magnetic field, in that the Landau
levels themselves form the unperturbed states.

For a polyvalent metal we are interested in ener-
gies equivalent to those of Bloch states in the sec-
ond Brillouin zone, and so must in that case con-
sider the situation where R>1, The energy of the
nth state is then given by the expression

8= +3)w +(=1)"2V

172 1 . (ne, =
X COSgX ;T; (R_1)1/4 Sin 2mw+Z

A - 7
" oy (R 1072 <7rn ¢_ %cosngo> cos(—fj) ’
(33)

where we have used Eq. (16) for the area @, of
the “lens” orbit., In order to understand the phys-
ical significance of this rather complicated expres-

(a)

(b)

FIG. 5. Two types of periodic open orbit. Shaded
area is quantized.
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FIG. 6. Energy-level spectrum as a function of
strength V of lattice potential. Diagram (a) shows levels
for one particular value of k;, and exhibits periodicities
due to periodic open and lens orbits. Total spectrum
(b) shows only lens-orbit periodicity.

sion, wefirst ignore the first- and second-order
bandwidth terms (i.e., those containing a factor
of cosgx, or cos2gx,) and concentrate on the ener-
gy-shift term 8,. The first point we note is that
the energy changes are such as to introduce a new
periodicity into the density of states that is in ac-
cord with the Onsager formula for the lens orbits.
Whereas in the absence of a lattice potential the
levels were uniformly spaced with separation 7w,
the presence of a nonzero potential induces a
clustering of levels around those energies where
the maxima of —d&/dn occur. The condition for
such maxima is seen from expression (33) to be
that with »’ an integer

@, = (2mmw /) (n'+ %) y

which is in accord with the Onsager formula for
the quantization of the lens orbit when the constant
o is chosen to be three-quarters, The fact that

@, is the area of the lens orbit in a remapped free-
electron construction rather than in a nearly free-
electron approximation®® is not significant, since
such corrections to @; can only occur in higher
terms of the perturbation series.

This value of ¢ does not appear to have been
found in any previous work. Semiclassical treat-
ments® ! are inherently incapable of answering
such delicate questions, while the exact computa-
tions of Butler and Brown!® involved a tight-binding
model in which no lenslike orbits existed.

The first-order bandwidth term introduces some
additional periodicities into the energy spectrum.
Let us consider, for example, the particular case
where x3=0. If the lens orbit were very small,
so that sin(Z@; /2mw +17) could be considered a
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slowly varying function of », then the factor of

(= 1)" would cause alternate terms to have opposite
signs; the energy levels would then be drawn to-
gether in pairs and a period of 27w would appear
in the energy spectrum for this value of x,. More
generally this term can be written as proportional
to

(- 1) sin ( G, E) o exp <in7rt inlt ﬁ_@)
2mw 4 2mw dn/’

from which the period is seen to be

1, 1 _da\!
(271‘&):t 4rmw? dn) ’ (34)

This result represents an extension of the Onsager
formula in that it predicts a quantization associ-
ated with the periodic open orbits. The two pos-
sible forms of expression (34) correspond to the
periodic orbits shown in Fig. 5, the negative sign
leading to the orbit of Fig. 5(a); here the shaded
area is to be quantized following the Onsager pre-
scription. One might now imagine a cyclotron-
resonance experiment to be performed in such a
geometry that no transitions were possible between
states of different %, (this would be the case if the
electric field vector of the incident microwaves
were in the x direction). Transitions would then
occur only within the family of levels associated
with a particular value of x,; and resonance would
be observed at the photon energy given in expres-
sion (34).

A de Haas-van Alphen experiment, on the other
hand, in which the total energy spectrum for all
k, is investigated, would not be capable of detecting
the presence of periodic open orbits, 17 for the fac-
tor of cosgx, is capable of being negative as well
as positive and then contributes a term of the same
period but opposite phase to the one considered in
the previous paragraph.

This picture of the energy-level structure is
summarized in Fig. 6. In the left-hand half of
this diagram the energy levels are plotted with
neglect of the bandwidth term as solid lines, and
for the case where cosgxy=1 as dashed lines, as
functions of the strength V of the lattice potential.
In Fig. 6(b) the total spectrum is shown, and is
seen to differ from Fig. 6(a) in that no period cor-
responding to open orbits is discernible.

The extension of these results to the case of
large V requires methods different from those
employed in this paper, and will be described else-
where. ® It suffices to say that the sandwich mod-
el, whose Schriddinger equation may be reduced to
a one-dimensional description, is guilty of only a
minimum of the anfractuosity attributed by Pippard®
to all models of magnetic breakdown,
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APPENDIX

The integral representations (17a) and (17b) will
be obtained from Eq. (13) in this appendix. We
define the sums

n! -y, men [L(nm-") ('}’)]2

— m=n  _°_ el SN 1 TS W
s(n,c)_ga i Y prea )

T(z,d)= i S(n, 8)z",
n=0

where 6 can be either +1 or — 1, The quantities
A8, and A8, defined in Eqs. (13) and (14) may
then be written as integrals of T(z, 5) in the form

_ =n=1 -
Ag‘s_m_hwfcz T(,1)dz , (A1)
2
- n-lpy
Ag,,_m,ﬁwfcz T, -1)dz (A2)

where C is a closed contour containing the origin
in the z plane. Using standard identities for sums
of Laguerre polynomials,'®T(z, 5) may be written
as

e tUre)/U=x) = jal2_ ,-al2 @ 2yyz
2 6%I, ,

T, 8)= l1-2 pory 1-2

with I,, the modified Bessel function® of order a.
Making use of the Bessel-function identity

Z X% (y)_ e(y/Z) (x+1/ %)
] o = 4
we express T(z, ) as

e-r(lu)/(l-:)

T(z, )= e Iny/z
1
X f exp (_21’)’%’ coshy 1ng> dy — Io<‘2-2’i€>] .
o -2z 1-2z/.

We then need to evaluate the integrals
K(5)= f 2 Tz, 8)dz
c

We choose a path in the z plane where z =e’® for
O<o<27, Then

T
K(6)=~ if csco et (cotorRa/2)
Q

X [f; etreseocosy gy, g, (yesco)] do .

We consider first the integral

|eo

o
M= fo ewrcscocasyd‘,yy

let y =& +im, and choose a path composed of the
segments

y=in (027> — ),
y=t—jo (0sis<o),
y=0+in (- o<1 <0).

Then

. ©
M=—i fo ei&rcscocoshﬂdn
«© :
i fo @167 cotocoshn=ysinhn dn. (A3)

The contribution of the second term in (A3) to K(5)
may be shown to vanish as follows. We write this
term as

/2
M,=9 fo csco e i7 (cotorRa/2)
® ity cot
Xfo it cotocoshn=rsinhn g g (A4)

We choose the path of integration for o to be com-
posed of the segments

(a) o=-idp (0<p <y),
(b) o=r-idy (0<¥r<3n),
() o=3m+idp (y=p=0),

where y is a constant. Along segment (a) the in-
tegral in (A4) is real, so there is no contribution
to M,. Along segment (b) we take the limit y - «
to obtain the contribution

gO1-(1+7RO/2)y

(b) _ sl i
M= m [sinz7 (5 + 3 Ry]

o
-y6 coshn=y sinhn
X fo e an.

The definitions of R and ¥ may now be used to show
that 2 Rym=(n +5)m, so that M is zero. Along
segment (c) the contribution to (A4) is

-1 R
Ml(C)z - cos e
y L
Xf eyﬁ(-tanhﬁ-n-}zp/Z)J‘ ertanhpcoshn-rstnhn d"? dp,
0 0

Again using $Ry7m=(n +3)7 we find that segment (c)
yields no contribution to M,.

We now return to (A4) and use the results of the
above discussion to write

K(6)==1 fo” cscg e-i? (cotorRa/2)

X [_ i fo“‘eidvcsca coshn an - O'Jo (’)’ CSCO‘)] do.
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The Bessel-function integral representation
-F .
Jo(x)= = fo (eixcoshn —-e ixcoshn)dn
may now be used to show

K(l) =9 9f'CSCG e-i'r (coto+Ro/2)
0

X (77_ 0)_[ elitesco coshn g dn,
m 0

K(-1)=-2 gf 'cscae"”( coto+Ro/2)
0

T
X 2[ e“’““mh"dadn,
T Jo

4099
Using®
foweixcoshy dy — % inél)(x)

with (A1) and (A2) we have

V2 T
AS. = —— ~i7(coto+Ro/2)
&, T (R]; cscoe
x (1= o) HYV (yesco)do
-V

A8, =

T
—/® cscoe-h’(cotwﬂulz)
AwT 0

x o HY (yesco)do .
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